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1. Introduction
Over the last 100 years, a large number of distributions has been proposed for the modeling
of size phenomena, notably the size distribution of personal incomes (see, for example, Kleiber
and Kotz, 2003). The most widely known of these models are the Pareto and the lognormal
distributions; however, both are known to be not flexible enough for the modeling of income
data. Here we consider a generalization of the lognormal distribution for which the available
literature is mainly in Italian.
2. A generalized lognormal distribution
Vianelli (1982, 1983) proposed a three-parameter generalized lognormal distribution with
PDF
f(x) =
1
2xr1/rσrΓ(1 + 1/r)
exp
{
− 1
rσrr
| log x− µ|r
}
, 0 < x <∞.(1)
Here eµ is a scale parameter and σr, r are shape parameters. The distribution can be consid-
ered a generalization of the lognormal distribution, which is obtained for r = 2, and also a
generalization of the log-Laplace distribution, which is obtained for r = 1.
If we consider the random variable Y = logX, for X following the distribution (1), we
obtain a distribution with the PDF
f(y) =
1
2r1/rσrΓ(1 + 1/r)
exp
{
− 1
rσrr
|y − µ|r
}
, −∞ < y <∞,(2)
where now −∞ < µ <∞ is the location parameter, σr = [E|Y −µ|r]1/r is the scale parameter,
and r > 0 is the shape parameter. This distribution is perhaps best known as the exponential
power distribution; it has been used in robustness studies and also as a prior distribution in
various Bayesian models (e.g., Box and Tiao, 1973).
This connection permits us to derive a number of properties of the generalized lognormal
distribution from known results for the exponential power distribution. For example, random
number generation is possible via a mixture representation provided by Devroye (1986). Of
course, ML estimation is completely analogous for both models. In addition, we present a
number of functionals which are of interest in connection with income data, including Theil-
type entropy measures and related notions.
3. Applications
Brunazzo and Pollastri (1986) applied the generalized lognormal distribution to the Italian
incomes for the year 1948, obtaining a shape parameter r = 1.45, halfway between the lognormal
and log-Laplace special cases. Here we consider German household incomes from the 1993
German income and expenditure survey (sample size: 40,230). It turns out that the generalized
lognormal distribution improves upon the classical lognormal for these data, with an estimate
of the additional parameter r in the vicinity of 1.9 (Scheid, 2001). However, nonparametric
goodness of fit tests still reject the model, a feature not uncommon with samples of this size.
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RE´SUME´
This paper presents a number of properties of a generalized lognormal distribution which
has been suggested as a model for economic size distributions in the Italian language statistical
literature.
